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Abstract: We initiate a systematic study of entanglement and Re´nyi entropies in the
presence of gauge and gravitational anomalies in even-dimensional quantum field theories.
We argue that the mixed and gravitational anomalies are sensitive to boosts and obtain a
closed form expression for their behavior under such transformations. Explicit constructions
exhibiting the dependence of entanglement entropy on boosts is provided for theories on
spacetimes with non-trivial magnetic fluxes and (or) non-vanishing Pontryagin classes.
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1 Introduction and summary
A remarkable feature of quantum field theory is that an admissible classical symmetry may
be broken by quantum mechanical effects. When a theory possesses such a broken symmetry
we refer to that symmetry as anomalous.
There is a substantial volume of scientific works on the effect of anomalies on S-matrix
elements, see, e.g., [1–3], for several reviews. However, little is known regarding the mani-
festation of anomalies in other field theoretic quantities. Recently, it has been realised that
anomalies play a significant role in the thermodynamic behaviour of anomalous gauge theories
[4–11] leading to novel effects in heavy ion collisions (see, e.g., [12–14]), specialized Weyl semi-
metals [15–18] and astrophysical phenomenon [19–21]. In this work, we focus our attention
on the effect of anomalies on entanglement entropy, previously studied also in [22–25] .
If the Hilbert space H of a quantum mechanical system can be decomposed into a direct
productH = HA⊗HA¯, then the entanglement entropy SA of a state |ψ〉 provides a measure of
correlation between degrees of freedom of |ψ〉 in HA and in HA¯. More formally, to compute
the entanglement entropy one traces over the degrees of freedom in the complement A¯ to
obtain a density matrix ρA = trA¯|ψ〉〈ψ| in the subsystem A. The entanglement entropy for
the region A is given by the von Neumann entropy associated with ρA,
SA = −trA (ρA log ρA) . (1.1)
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In quantum field theory one often considers the entanglement entropy associated with
a spatial region A. Starting with a state |ψ〉 the entanglement entropy is given by the von
Neumann entropy of the reduced density matrix ρA obtained by tracing over the Hilbert space
of the spatial region A¯. In what follows we will refer to the interface between A and A¯ as
the entangling region Σ = ∂A = ∂A¯ and work under the assumption that the Hilbert space
of the theory can be decomposed into a tensor product of the Hilbert space associated with
A and that associated with A¯. We will refer to (the Euclidean version of) the manifold on
which the theory is placed as M.
In order to compute the entanglement entropy SA in a quantum field theory one uses
(1.1) on a regulated version of the theory. When the initial state |ψ〉 is the vacuum state |0〉,
the continuum limit of (1.1) is given by
SA = lim
n→1
Sn , (1.2a)
where the Re´nyi entropy, Sn, is given by (the analytic continuation of)
Sn = −nW1 −Wn
n− 1 . (1.2b)
For integer n, Wn = − ln
∫
Mn
Dφe−S is the Euclidean generating function on the manifold
Mn where Mn is the n-fold cover of M such that each sheet of the cover is connected
along A [26]. Therefore, Mn has a codimension-two singularity at the entangling surface Σ
with surplus angle 2π(n − 1). For non-integer n, Wn is defined by analytically continuing
the integer valued Wn. Note that M = M1 is the original Euclidean space without any
singularity. The analytic continuation from integer n ≥ 2 to n = 1 used in (1.2a) is usually
carried out under an implicit assumption regarding a replica symmetry, Zn, between sheets
inMn. See e.g., the discussions in [27–29] for the role of the Zn symmetry in the holographic
formula of entanglement entropy [30, 31]. In the remainder of this work we will assume that
the analytic continuation from non-integer n to integer n can be carried out and take (1.2a)
to be the definition of the entanglement entropy in quantum field theory. Our conventions
for Wick rotation are summarized in appendix A.
From a formal perspective the definition (1.2a) implies that entanglement entropy is
associated with the Euclidean partition function of the theory in the limit where the manifold
on which the theory is defined becomes regular. It is then perhaps not surprising that the
entanglement entropy is sensitive to anomalies.
Indeed, let us consider a theory with gauge, gravitational, and mixed gauge-gravitational
anomalies. By gauge and gravitational anomalies we mean anomalies associated with turning
on a background (non-dynamical) source term for the current and stress-energy tensor. In
what follows we will refer to these source terms as a gauge-field and metric respectively, but
we emphasize that these are non-dynamical fields and the associated anomalous symmetries
are global. Anomalies associated with local symmetries generate non-unitary theories at best
and will not be discussed further. For simplicity, we focus on Abelian gauge anomalies but
our results can be easily generalized to non-Abelian ones.
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In the presence of gravitational or mixed anomalies the stress-energy tensor T µν is no
longer conserved. Instead, one finds the non-conservation law
∇µT µν − F νµJµ = −iτν , (1.3)
where Fµν is a field strength associated with possible external fields, Jµ is the current as-
sociated with a global Abelian symmetry and τµ denotes the anomalous contribution to the
(non-)conservation law of the stress-energy tensor. The term F νµJµ is associated with Joule
heating. The explicit form of τµ can be computed using the Wess-Zumino consistency condi-
tions. It is given by
τµ = −JAµ − 1√
g
gµν∂ρ (
√
g T ρν) , (1.4)
where Aµ is the gauge field associated with Fµν and J and T µν may be expressed as variations
of the Chern-Simons forms associated with the anomaly. In the presence of boundaries (1.4)
is expected to receive corrections [32–34]. We provide a derivation of (1.4) in section 2. A
derivation of the explicit expressions for J and T µν can be found in appendix B and in [10].
It is worth emphasizing that τµ in (1.4) specifies the non-conservation law for the consistent
stress tensor in Euclidean signature. The expression for τ associated with the covariant stress
tensor is somewhat different.
Consider boosting the state |0〉 by a hyperbolic angle κ which implies a rotation of the
Euclidean vacuum by an angle θ = iκ. Let ξµ∂µ be the generator of this rotation. We argue
that if the dynamics are invariant under θ in the absence of an anomaly, then the Re´nyi
entropy associated with the boosted state |0〉 in the presence of the anomaly satisfies
∂θSn
∣∣
θ=0
= − i
n− 1
[
n
∫
M1
ddx
√
g ∂νξ
µ T νµ −
∫
Mn
ddx
√
g ∂νξ
µ T νµ
]
. (1.5)
Equation (1.5) is valid in the absence of boundaries. We discuss possible subtle corrections
to (1.5) for manifolds with boundaries or coordinate singularities in section 3. A similar
expression for the entanglement entropy can be obtained by inserting (1.5) into (1.2a). In
what follows we will omit the
∣∣
θ
symbol, keeping in mind that all our results for derivatives
of the entanglement entropy are evaluated at θ = 0. The imaginary contribution to the
entanglement entropy follows from the analytic continuation κ → −iθ and is removed when
analytically continuing back to the Lorentzian signature manifold.
We carry out an explicit evaluation of (1.5) in configurations where the entangling surface
splits space into two regions, i.e., A = {~x|x1 > 0}. In this case the (Euclidean) metric onMn
is given by ds2 = dρ2 + ρ2dτ2 +
∑d−1
i=2 gij(x) dx
idxj where 0 ≤ τ < 2πn. Such a geometry
describes a cone with opening angle 2πn. Using (1.5) we obtain the following results: for a
two-dimensional quantum field theory and the vacuum state we have
∂θSn = 2πi cg
(
1 +
1
n
)
, (1.6)
leading to
∂θSA = 4πi cg , (1.7)
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where cg = −
∑
i χi/(96π) is the strength of the anomaly such that the index i runs over
all chiral particle species with χi denoting the chirality. For a conformal field theory cg =
(cL−cR)/(96π). In order to make contact with the existing literature we argue, in section 2.1,
that if we use a finite interval instead of a semi-infinite line for the entangling surface then
(1.7) will be modified to ∂θSA = 8πi cg. A comparison between our field theory results and
a holographic computation can be found in appendix B.3. A more elaborate discussion and
comparison can be found in section 3 where we discuss possible corrections due to boundary
terms.
For a four-dimensional theory and in the presence of an external magnetic field, F23 = B,
through the entangling surface, we obtain
∂θSA = 4πiα cmBVolΣ , (1.8)
where cm =
∑
i χiqi/(192π
2) is the strength of the anomaly (with qi denoting the fermion
charge and χi the chirality) and α denotes an ambiguity in the Chern-Simons term derived
from the mixed anomaly polynomial F ∧ R ∧ R and VolΣ is the volume of the entangling
surface Σ. If we choose the contact terms in the theory such that the anomaly is manifest
only in the gravitational sector, then α = 1.
For a six-dimensional theory in Minkowski space and with a magnetic field F23 = B1 and
F45 = B2, we obtain
∂θSA = 4πiα cmB1B2VolΣ , (1.9)
where cm =
∑
i χiq
2
i /(768π
3) is the strength of the mixed anomaly in six dimensions (with
χi and qi denoting the chirality and charge of fermion species). If we place the theory on
R
2 ×K3, we find
∂θSA = 1536π
3i ca , (1.10)
where now ca = −
∑
i(χi − 8ti)/(36864π3) (with χi and ti counting fermion species chirality
and self-dual and anti-self-dual two-form field species) is the strength of one of the two
possible gravitational anomalies of a six-dimensional theory. It seems that in order to obtain
a non-zero value for the entanglement entropy of the other gravitational anomaly one needs
to consider more intricate geometries. In section 2.4 we present results for higher-dimensional
theories.
While this work was being completed we became aware of [35] where it was pointed out
that coordinate singularities may become physical once gravitational anomalies are present.
We thank the authors of [35] for sharing their draft with us prior to publication. We discuss
the possible role of such corrections in section 3.
2 Entanglement and anomalies
Equation (1.2a) implies that the entanglement entropy is associated with the limiting be-
haviour of the generating function as the manifold it is placed on becomes non-singular.
Indeed, the behaviour of entanglement entropy on scaling transformations of the entangling
– 4 –
surface can be tied to the scaling behaviour of the generating function Wn which, in turn, de-
pends on the central charges of the theory if the latter is conformal [31, 36–39]. In particular,
if we denote a scaling variation of the entangling surface by δσ then
δσSA = − lim
n→1
nδσW1 − δσWn
n− 1 . (2.1a)
The scaling δσWn is related to the trace of the stress tensor,
δσWn =
1
2
∫
ddx
√
g σ T µµ , (2.1b)
which is related to the central charges, ci and a, of the theory when the latter is conformally
invariant,
T µµ = 2(−1)d/2aE −
∑
i
ci Ii . (2.1c)
By evaluating the curvature terms Ii and E on a spherical entangling surface one can infer
the dependence of the entanglement entropy on the central charges directly from (2.1). See
[31, 37, 38, 40] for details.
Likewise, we can consider the behaviour of the generating function under a coordinate
transformation which generates an isometry, e.g., a boost or rotation. If we denote the
generator of boosts by δθ then
δθSn = −nδθW1 − δθWn
n− 1 . (2.2)
The behavior of Wn under boosts (and coordinate transformations in general) is fixed by
the Wess-Zumino consistency condition. In appendix B we argue that for a small coordinate
transformation xµ → xµ + χµ one has
δχWn = i
∫
ddx
√
g ∂νχ
µ T νµ , (2.3)
with
∗T µν = ∂ICS
∂Γνµ
, (2.4)
where ICS is the (Euclidean) Chern-Simons form associated with the anomaly, Γ
µ
ν is related
to the Christoffel connection Γµνσ via Γ
µ
ν = Γ
µ
νσdx
σ and ∗T µν is the volume form dual to
T µν . The derivative ∂/∂Γ is taken at constant R and picks up a minus sign when acting on
p-forms similar to the exterior derivative d.
The energy-momentum tensor and conserved current can be obtained by varying the
generating function with respect to the metric and gauge field respectively. Thus, under a
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small coordinate transformation parameterized by χµ we have
δχWn =
∫
ddx
√
g
(
1
2
T µνδχgµν + J
µδχAµ
)
,
=
∫
ddx
√
g [∇µχν T µν + Jµ (χνFνµ + ∂µ(χνAν))] ,
=−
∫
ddx
√
g χν (∇µT µν − F νµJµ +Aν∇µJµ) ,
(2.5)
where in the last step we have integrated by parts. Comparing (2.5) to (2.3) yields (1.4)
where we have defined
∇µJµ = −iJ . (2.6)
A non-zero J implies that the theory is not invariant under gauge transformations. Indeed,
carrying out an analysis similar to the one carried out in appendix B but for gauge transfor-
mations results in
∗J = ∂ICS
∂Aµ
. (2.7)
See, e.g., [10] for a full derivation.
We note in passing that in the presence of boundaries, (2.3) and (2.5) receive corrections
leading to a modification of our main result. On one hand, boundary terms generated by
integrating (2.5) by parts will contribute to the conservation law in addition to a possible
conservation law for the boundary stress tensor. On the other hand, a boundary term may
appear in the right hand side of (2.3) due to the anomaly. Such a boundary term may be
determined by solving the Wess-Zumino consistency condition.
In constructing the generating function Wn one must deal with ambiguities associated
with possible contact terms (often referred to as Bardeen counterterms [41]) which can shift
the appearance of the anomaly in non-conservation laws. For instance, in the presence of a
mixed gauge-gravitational anomaly, one can choose an appropriate Bardeen counterterm so
that the anomaly will manifest itself entirely in the gravitational sector. A more familiar setup
where a Bardeen counterterm is present is the (mixed) axial-vector anomaly; the existence of
the Bardeen counterterm is what allows us to enforce the current conservation in the vector
sector. In the current context the ambiguities relevant to our computation are captured by
a choice of the Chern-Simons form ICS. We will provide explicit examples of such in the
following subsections. An extensive discussion of these terms in the language of the current
work can be found in, for example, [42].
We now choose χµ to specify a boost by a (small) constant hyperbolic angle δθ in the τ
rapidity direction. We would like to compare the entanglement and Re´nyi entropies in boosted
and unboosted entangling regions. That is, we would like to compute, say, the Re´nyi entropy
for an unboosted entangling region and compare it to the Re´nyi entropy for a boosted one
while keeping the cutoff parameters fixed. When constructing the n-fold cover of the boosted
entangling surface, each sheet of the covering will be shifted by an angle δθ such that, overall,
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Mn rotates by an angle nδθ (implying that rotating by a Euclidean angle θ = 2π will bring
us back to the original state). Thus,
δχW =W (θ + nδθ)−W (θ) = nδθ∂W
∂θ
. (2.8)
In what follows, we will denote χµ = nδθξµ. Inserting (2.8) into (2.3) and using (2.2) we
obtain (1.5).
The careful reader will note that in the coordinate system in which ξµ∂µ = ∂τ one
has ∂αξ
β = 0. For this reason we will work exclusively in a Cartesian coordinate system
where ∂αξ
β 6= 0. The lack of invariance under coordinate transformations is a hallmark of
gravitational anomalies. Indeed, the non-tensorial behavior of T µν implies that the stress
tensor derived from the generating function Wn (referred to as the consistent stress tensor)
does not transform like a tensor under coordinate transformations. It is possible to define a
covariant stress tensor by adding to the consistent stress tensor a polynomial which is local
in the external fields. Such a stress tensor however can not be derived from a local generating
function and therefore its role in entanglement entropy is somewhat obscure.
In the remainder of this work, we evaluate the change in the Re´nyi entropies, (1.5), for
geometries of the form R2×N , and the particular case of an entangling region which divides
space into two equal halves, A = {~x|x1 > 0} where the x1 direction is along the spatial part
of the Lorentzian continuation of R2 into R1,1, i.e.,
ds2 = dt2 + (dx1)2 + ds2N , (2.9)
where ds2N =
∑d
i=2 gij(x) dx
idxj is the metric of the (d − 2)-dimensional manifold parame-
terized by the coordinates xi (i = 2, 3 · · · , d− 1). We will consider slightly more complicated
geometries in a future publication. The metric (2.9) describes a cone of opening angle 2πn
and can be rewritten in the form
ds2 = dρ2 + ρ2dτ2 + ds2N , (2.10)
where τ has periodicity 2πn. The (Euclidean) cone located at ρ = 0 needs to be regulated
in order to carry out explicit computations. In what follows we will smoothen the tip of the
cone by using a regulating function u such that the metric takes the form [43]
ds2 = u(ρ)dρ2 + ρ2dτ2 + ds2N , (2.11)
where u(0) = n2 and u asymptotes to unity at large ρ outside a small region of radius ε
such that u(ρ) = 1 and u′(ρ) = 0 for ρ > ε. See [43] for details. Going back to Cartesian
coordinates we find that the regularized cone metric takes the form
ds2 =
(tdx1 − x1dt)2 + u(t, x1)(tdt+ x1dx1)2
t2 + (x1)2
+ ds2N . (2.12)
Note that the origin t = x1 = 0 is not covered by either (2.11) or (2.12). Had we used the
coordinate system advocated by [27]
ds2 =
(
t2 + (x1)2 + a2
)ǫ (
dt1 + d(x1)2
)
, (2.13)
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with ǫ = n − 1 and a regularization parameter a, as we do in appendix B.2 then there is no
coordinate singularity at the origin.
Following our conventions for Wick rotation, (A.9), the generator of rotations ξµ∂µ
(boosts analytically continued to Euclidean signature) can be related to χµ∂µ via
χµ∂µ = −nδθ (t∂x − x∂t) = nδθ ξµ∂µ , (2.14)
implying
∂νξ
µ =
(
0 −1
1 0
)
. (2.15)
Inserting (2.15) into (2.3) we find that
δθWχ = inδθ
∫
dtdx1
∫
dd−2x
√
g
(
−T tx1 + T x
1
t
)
. (2.16)
A further simplification of (1.5) can be obtained by noting that on M1 there is no conical
singularity and therefore T µν vanishes there,∫
M1
ddx
√
g ∂νξ
µ T νµ = 0 . (2.17)
Inserting (2.16) and (2.17) into (1.5) we find that, in the geometries we are considering,
∂θSn
∣∣
θ=0
=
i
n− 1
∫
Mn
ddx
√
g
(
−T tx1 + T x
1
t
)
. (2.18)
We now proceed to compute (2.18) in various dimensions.
2.1 Two-dimensional theories
For two-dimensional theories there is a single type of gravitational anomaly whose Chern-
Simons term I3 can be derived from the four-dimensional anomaly polynomial
cg R
µ
ν ∧Rνµ = cg d
[
Γµν ∧Rνµ − 1
3
Γµν ∧ Γνρ ∧ Γρµ
]
= dI3 , (2.19)
where Rµν =
1
2R
µ
νρσdx
ρ ∧ dxσ is the Riemann tensor two-form and Γµν = Γµνρdxρ is
the Christoffel one-form. The two-forms are related by Rµν = dΓ
µ
ν + Γ
µ
ρ ∧ Γρν . The
multiplicative constant cg can be determined explicitly from the field content of the theory,
cg = − 1
96π
∑
i
χi , (2.20)
where the sum is over all species and χi is the chirality of the fermions and scalars of the
two-dimensional theory (Majorana-Weyl fermions contribute ±1/2). For a conformal field
theory one has
cg =
cL − cR
96π
, (2.21)
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where cL and cR are the left and right central charges respectively. In what follows we find it
convenient to omit the wedge product and replace the spacetime indices with a trace so that
(2.19) takes the form
cg Tr
(
R
2
)
= cg dTr
(
ΓR− 1
3
Γ3
)
= dI3 . (2.22)
The explicit form of T µν can be obtained from (2.4) as
∗ T µν = cg ∂
∂Γ
Tr
(
ΓR− 1
3
Γ3
)
= cg dΓ , (2.23)
resulting in
T µν = cgǫαβ∂αΓµνβ . (2.24)
Evaluating (2.15) and (2.24) on the regularized cone (2.11) one finds∫
∂µξ
ν√g T µνdtdx1 = −
∫
cgu
′
ρu2
dtdx1 , (2.25)
where ρ2 = t2 + (x1)2 and we have used ǫtx
1
= 1/
√
g. Using (2.16) this yields
δθWn = 2π(n
2 − 1)iδθ cg . (2.26)
The complex value of δθWn is expected given that the analytic continuation of −iδθ back to
Lorentzian signature is given by
δθWn → −2π(n2 − 1)δκ cg . (2.27)
where δκ is an infinitesimal boost parameter.
Inserting (2.25) into (2.18), we obtain
∂θSn = 2πi cg
(
1 +
1
n
)
, (2.28)
which implies
∂θSA = 4πi cg , (2.29)
as argued in (1.7).
We note that it is also possible to use our formalism to compute the change in the
entanglement entropy on a finite interval of length L. To this end, consider a manifold Mn
with two conical singularities such that the metric takes the form
ds2 = dt2 + (dx1)2 , (2.30)
away from t2 + (x1)2 < ε and away from t2 + (x1 − L)2 < ε,
ds2 =
(
tdx1 − x1dt)2 + u(√t2 + (x1)2) (tdt+ x1dx1)2
t2 + (x1)2
, (2.31)
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for t2 + (x1)2 < ε and
ds2 =
(
tdx1 − (x1 − L)dt)2 + u(√t2 + (x1 − L)2) (tdt+ (x1 − L)dx1)2
t2 + (x1 − L)2 , (2.32)
for t2+(x1−L)2 < ε. The line elements for (2.31) and (2.32) have been obtained from (2.11)
with appropriate shifts. Since T µν vanishes for t2+ (x1)2 > ε and t2+ (x1−L)2 > ε we need
to evaluate (2.16) only near the conical singularities. A quick computation yields
∂θSn = 4πi cg
(
1 +
1
n
)
, (2.33)
which implies
∂θSA = 8πi cg . (2.34)
In appendix B.3 we compare the results of this section to a holographic computation.
2.2 Four-dimensional theories
Four-dimensional theories do not have a gravitational anomaly but may have a mixed gauge-
gravitational anomaly. Thus, we may write
cm F Tr
(
R
2
)
= cm d
[
αFTr
(
ΓR− 1
3
Γ3
)
+ (1− α)ATr (R2)] = dI5 . (2.35)
The parameter α is a free parameter which manifests the possibility of adding a (Bardeen)
contact term to the generating function and cm is the strength of the mixed anomaly given
by
cm =
1
192π2
∑
i
χiqi , (2.36)
with χi and qi the chirality and charge respectively of the fermion species in the theory. As
we will see shortly, such a contact term offers the possibility of shifting the anomaly entirely
into the gauge sector of the theory. Indeed, using (1.4), one has
T µν = αcm
2
ǫρσαβFρσ ∂αΓ
µ
νβ ,
J = (1− α)cm
4
ǫρσαβRνλρσR
λ
ναβ ,
(2.37)
implying a (non-)conservation law for the (Euclidean) stress tensor of the form
∇µT µν = F νµJµ + iJAµ + i√
g
gµν∂ρ (
√
g T ρν) . (2.38)
The U(1) current Jµ coupled to the external source Aµ satisfies the (non-)conservation law
∇µJµ = −iJ . (2.39)
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When α = 1 the current is conserved and the anomaly is manifest only in the energy-
momentum tensor.
If we are to use (1.5) then we need that T µν 6= 0. To this end we consider the entanglement
entropy associated with a state |0〉B where B = F23 is a magnetic field in the x1 direction.
In this case, ∫
dx2dx3 T µν = α cmΦ ǫ23αβ∂αΓµνβ , (2.40)
with Φ the magnetic flux through N at x1 = 0, i.e., the entangling surface. Denoting the
volume of the entangling surface by VolΣ, the flux can be written in the form Φ = BVolΣ.
Expression (2.40) is identical to (2.24) upon identifying cg = α cmΦ. Thus,
∂θSn = 2πiα cmB
(
1 +
1
n
)
VolΣ , (2.41)
leading to
∂θSA = 4πiα cmBVolΣ . (2.42)
The factor of α in (2.41) implies that the entanglement entropy depends on the particular
Bardeen counterterm used to shift the anomaly between the gravitational sector and the gauge
sector. Indeed, we expect that if the gravitational anomaly does not appear in the appropriate
part of the non-conservation law for the stress tensor then the entanglement entropy would
not be sensitive to it. As discussed earlier, the particular choice of α in a given theory depends
on how the currents are coupled to dynamical gauge fields or to the metric. Much like the
canonical axial-vector anomaly, if we plan on coupling Jµ to a dynamical gauge field then we
will be forced to set α = 1.
2.3 Six-dimensional theories
Six-dimensional theories have two types of gravitational anomalies and a mixed gauge-gravitational
anomaly. We classify the Chern-Simons terms associated with these anomalies by
cm F
2Tr
(
R
2
)
= cm d
[
(1− α)AF Tr (R2)+ αF 2Tr(ΓR− 1
3
Γ3
)]
= dI7,m ,
caTr
(
R
2
)2
= ca d
[
Tr
(
ΓR− 1
3
Γ3
)
Tr
(
R
2
)]
= dI7,a ,
cb Tr
(
R
4
)
= cb dTr
[
R
3Γ− 2
5
R
2Γ3 − 1
5
RΓ2RΓ+
1
5
RΓ5 − 1
35
Γ7
]
= dI7,b .
(2.43)
Here
cm =
1
768π3
∑
i
χiq
2
i , ca = −
1
36864π3
∑
i
(χi − 8ti) , cb = − 1
46080π3
∑
i
(χi + 28ti) ,
(2.44)
where χi and qi denote the chirality and charge of the fermion species and ti counts the
number of self-dual (and anti-self-dual) two-form fields.
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Using (1.4) we find that
T µν = cm(Tm)µν + ca(Ta)µν + cb(Tb)µν , (2.45a)
where
(Tm)µν = α
4
ǫαβγδκη(∂αΓ
µ
βν)FγδFκη ,
(Ta)µν = 1
4
ǫαβγδκη(∂αΓ
µ
βν)R
ρ
λγδR
λ
ρκη ,
(Tb)µν = 1
2
ǫαβγδκηRµ1µ2αβ
(
1
4
Rµ2µ3γδR
µ3
µ1κη −
7
10
Rµ2µ3γδΓ
µ3
κµ4Γ
µ4
ηµ1
+ Γµ2γµ3Γ
µ3
δµ4Γ
µ4
κµ5Γ
µ5
ηµ1
)
.
(2.45b)
Let us consider a manifold (2.9) which is of the form R2 ×N . Since the Riemann tensor
two-form and the Christoffel connection one-form are going to be block diagonal then (Tb)µν
given in (2.45b) will vanish. Taking advantage of the lesson learned from the analysis of the
mixed anomaly in four dimensions we consider a manifold (2.9) with a constant magnetic flux
through N , i.e., ∫
N
F
2 = Φ . (2.46)
Then, integrating T µν over N we obtain an expression similar to the two-dimensional result
(2.24) but with cg replaced by αcmΦ− 24π2caτ [Σ], where τ [Σ] is the Hirzebruch signature on
the entangling surface,
τ [Σ] = − 1
24π2
∫
N
Tr
(
R
2
)
. (2.47)
Thus,
∂θSn = 2πi
(
1 +
1
n
)(
αcmΦ− 24π2caτ [Σ]
)
, (2.48)
and
∂θSA = 4πi
(
αcmΦ− 24π2caτ [Σ]
)
. (2.49)
To clarify the role of Φ and τ [Σ], let us consider two possible setups. If N = T 4,
F23 = −F32 = B1, F45 = −F54 = B2 and the remaining F ’s vanishing, we obtain τ [Σ] = 0
and Φ = B1B2VolΣ with VolΣ the volume of the entangling surface. Likewise, if F = 0 and
N = K3 then τ [Σ] = −16 and Φ = 0.
It seems that in order to observe the effect of the second type of gravitational anomaly the
topology of the n-fold cover of M must not reduce to a (direct) product manifold. While it
is straightforward to conjure a manifold for which the last line of (2.45b) does not vanish, its
interpretation as an n-fold cover of a manifold M and therefore its relation to entanglement
entropy is somewhat obscure. We discuss this case further in section 3.
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2.4 Higher dimensions
We are now in a position to compute the entanglement entropy associated with an even
d-dimensional theory. The anomaly polynomial for the theories we are considering will be
characterized by a set of integers ki and m
i
n and take the form of∑
i
ci F
ki
∏
n=1
Tr
(
R
2n
)min = dId+1 , (2.50)
where for each i, 2ki +
∑
n 4nm
i
n = d+ 2. The analysis of the previous sections implies that
for a manifold of the form R1,1 ×N , we will have
∂θSn = 2πi
(
1 +
1
n
)
C , (2.51)
where
C =
∑
i,mi
1
≥1
cˆi
∫
N
F
ki Tr(R2)m
i
1
−1
∏
n=2
Tr(R2n)m
i
n , (2.52)
and
cˆi =
{
ci , ki = 0 ,
αici (no sum) , ki > 0 ,
(2.53)
where the αi specifies a free parameter which determines in which sector the mixed anomaly
will be manifest. Equation (2.51) leads to
∂θSA = 4πiC . (2.54)
One can single out the contribution of a particular coefficient cˆj with m
j
1 > 0 in (2.50) by
an appropriate choice of the manifold N . Since the presence of anomalies is inherently related
to chiral fermions (or self-dual p-form fields) it would be convenient to choose an N which
can be endowed with a spin (or string) structure.1 For instance, choosing a spin manifold
N = R2kj ×K3m1n−1 ×
∏
n=2
(HPn)m
j
n , (2.55)
implies that Sn and SA will be proportional to cˆj only. Using our former result for a K3
surface ∫
K3
Tr
(
R
2
)
= 96(2π)2 , (2.56)
and ∫
HPn
Tr
(
R
2n
)
= 2(2n + 2− 4n)(−4π2)n , (2.57)
for quaternion projective spaces [44], we find that
C = cˆjΦj
(
96(2π)2
)mj
1
−1 ∏
n=2
(
2(2n + 2− 4n)(−4π2)n)mjn , (2.58)
with Φj ≡
∫
R
2kj F
kj .
1We thank K. Jensen and Y.Tachikawa for discussions on this point.
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3 Discussion
The entanglement entropy associated with a state |ψ〉 and entangling region Σ in a quantum
field theory is defined by (1.1) where ρA is the reduced density matrix computed at a particular
instant of time, t = t0. If the state |ψ〉 is an eigenvalue of the Hamiltonian H then its time
evolution is trivial then the entanglement entropy will be independent of t0. Likewise, if |ψ〉
transforms trivially under boosts, one expects that SA will be invariant under boosts as well.
More precisely, we expect that two inertial observers using identical entangling surfaces and
cutoff schemes will agree on the entanglement entropy SA.
To make a sharper statement about the boost invariance of the entanglement entropy let
us take a closer look at the comparison of the entanglement entropies between two inertial
observers, call them a and b. Let observer b move at constant rapidity κ relative to observer
a. Both observers are interested in computing the entanglement entropy associated with an
entangling surface Σ and both observers use the same cutoff scheme. Suppose observer a
computes the entanglement entropy SA(0) in his own frame and the expected entanglement
entropy SA(κ) in the frame of b.
In his own frame, SA(0) can be computed using the replica trick (1.2a), that is, by
computing the partition function on Mn, the n-fold cover of M where each of the sheets
of Mn are connected along the entangling region. According to observer a, SA(κ) can be
computed by considering the partition function on Mn(θ), the n-fold cover of M where each
of the sheets ofMn(θ) are connected along an entangling region which is rotated by the angle
θ = −iκ relative to the original.
As we have seen, in the presence of anomalies one finds that SA(κ) and SA(0) are not
necessarily equal. In particular, we have seen that for (Euclidean) manifolds of the form
ds2 = dt2 + (dx1)2 + ds2N , (3.1)
and an entangling surface Σ = {~x | t = 0, x1 = 0}, the change in entanglement entropy due to
a boost is given by
∂θSA = 4πiC , (3.2)
where C is given by (2.58) and depends on the details of the anomaly and the manifold N .
We have argued that one may choose a manifold N such that C will be non-zero as long as
the anomaly polynomial P satisfies,(
∂P
∂Tr (R2)
)
Tr(R2k)
6= 0 , (3.3)
i.e., it’s derivative with respect to Tr
(
R2
)
with all other Tr
(
R2k
)
held fixed is non-zero.
It is unclear whether the entanglement entropy is susceptible to anomalies for which the
right hand side of (3.3) vanishes. From the arguments presented in section 2.3 we expect that
for the latter type of anomalies one would need to consider more intricate entangling surfaces
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Σ, or manifolds M whose structure is different from (3.1). For instance, if we use
ds2 = dρ2 + ρ2
(
dτ + ω1(y
1)dy2 + ω2(y
3)dy4
)2
+
4∑
i=1
(dyi)2 , (3.4)
as the line element for a six-dimensional manifold Mn with 0 ≤ τ < 2πn then it is a
straightforward (though tedious) exercise to show that at least for small ωi, ∂θSA will receive
contributions from both ca and cb defined in (2.45), the latter being associated with a Tr(R
4)
term in the anomaly polynomial. It would be interesting to be able to associate a well-defined
entangling surface with (3.4) or with a variant of it.
A result similar to that in (1.5) appeared in [23] for two-dimensional conformal field theo-
ries with a finite entangling surface. By extending the standard argument relating correlation
functions of twist operators to the partition function on Mn, Zn = e−Wn [26, 45], it was
argued in [23] that
Zn =
Cn
z2hz¯2h¯
, (3.5)
with
h =
cL
24
(
n− 1
n
)
, h¯ =
cR
24
(
n− 1
n
)
. (3.6)
Here the entangling surface consists of the points 0 and z in Mn and Cn is a constant which
does not depend on z. Let us consider z = R and carry out an infinitesimal coordinate
transformation z → R(1+ inδθ). On one hand, following the general analysis of section 2.1,2
the change in the partition function due to rotations by an angle nδθ is given by
δθZn
Zn
= −iδθ(n2 − 1)cL − cR
24
. (3.7)
On the other hand, we have
δθ
(
Cn
z2hz¯2h¯
)
Cn
z2hz¯2h¯
= −iδθ(n2 − 1)cL − cR
12
+
δCn
Cn
. (3.8)
The validity of (3.5) seems to imply that
δCn
Cn
= iδθ(n2 − 1)cL − cR
24
. (3.9)
A computation of correlation functions for twist operators in the absence of a gravitational
anomaly has been carried out in [46] where an explicit expression for Cn has been obtained.
2Equation (3.7) can be obtained by using the same manipulations as those which lead to (2.34). Note that
the coordinate transformation (t, x1)→ (z, z¯) with z = x1+ it and z¯ = x1− it is a linear orientation reversing
coordinate transformation so that ǫzz¯ = −1/√g relative to ǫtx1 = 1/√g. Here √g is the square root of the
determinant of the metric which is imaginary in the z, z¯ coordinate system and real in the t, x1 coordinate
system.
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By adding the contribution of the effective action for gravitational anomalies [41, 47, 48] to
the analysis of [46] one should be able to verify the form (3.5) and derive (3.9).
Note that if we set δCn = 0 then (3.8) will differ from (3.7) by a factor of 2. Curiously,
such a factor of 2 will appear in the holographic computation of the entanglement entropy if
we mistreat certain terms which are integrated by parts (see the discussion in appendix B.2).
Further, we can define a covariant entanglement entropy by using
δθW
(cov)
n = i
∫
Mn
√
g χµτ
µ , (3.10)
where
τµ = cg ǫ
µν∂νR , (3.11)
and R is the Ricci scalar. The expression (3.11) follows from the non-conservation law for
the covariant stress tensor,
∇µT (cov)µν = −iτν , (3.12)
in the absence of an external field strength F . We find that
δθW
(cov)
n = 4π(n
2 − 1) iδθ cg , (3.13)
which is twice as large as (2.26). Inserting (3.13) and δθW1 = 0 into (1.2b) we obtain
∂θS
(cov)
n = 4πi
(
1 +
1
n
)
cg . (3.14)
A possible resolution of the aforementioned factor of two discrepancy between the results
presented here (and the holographic result) and the conformal field theory computation pre-
sented above has been advocated in [35]. Since the origin of our coordinate system t = x1 = 0
contains a coordinate singularity it is possible that the origin contains an extra delta function
contribution. While such a contribution is, perhaps, surprising given that the geometry has
been regulated we can not rule out such a possibility. As we pointed out earlier, one can
construct a coordinate system such as (2.13) which can be used to compute the entanglement
entropy and does not posses a coordinate singularity. Such a coordinate system may a priori
resolve the problems raised by [35]. However, in [49] it was argued that one would expect,
on physical grounds, that the entangling region be smeared over an ultraviolet parameter
ε which, in essence, serves as a boundary. It may be that such arguments, when applied
to anomalies, introduce contributions to the entanglement entropy which persist even as we
take the limit where the boundary vanishes. A preliminary analysis of the modification of
entanglement entropy due to boosts in the presence of boundaries has been carried out in [35]
where some, but not all, contributions of boundary terms have been analyzed. We postpone
a full analysis of boundary terms for future work.
Our result (1.5) implies that the entanglement entropy is sensitive to gravitational and
mixed gauge-gravitational anomalies. It would be interesting to understand whether the en-
tanglement entropy is also sensitive to discrete anomalies such as parity, or to gauge anomalies
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(or gauge transformations in the presence of mixed anomalies). Indeed, following an anal-
ysis similar to the one we have used so far, one expects that under a gauge transformation
A→ A+ dλ the generating function transform as
δλWn = i
∫
Mn
λ ∗J . (3.15)
For a U(1) polygon anomaly in d = 2m spacetime dimensions and λ a constant, (3.15) reduces
to
δλWn = ic λ
∫
Mn
F
m , (3.16)
where c is the strength of the anomaly.
Since we have defined F to be the (external) field strength on M1, it is insensitive to
the n-sheeted cover and then δλW ∝ n in which case ∂λSn = 0. Put differently, the external
gauge field A has the Zn replica symmetry A(τ = 0) = A(τ = 2π) = · · · = A(τ = 2πn)
on Mn which yields
∫
Mn
Fm = n
∫
M1
Fm for an integer n. Inserting the former result into
(3.16) and using (1.2b) results in ∂λSn = 0 for integer n ≥ 2 implying ∂λSA = 0.
A similar argument, relying also on the behavior of curvature invariants on Mn [43]
implies that ∂λSn = 0 in the presence of mixed anomalies for the configurations of the form
(3.1). It would be interesting to consider more involved geometries for which ∂λSn might pick
up the anomaly. Or, perhaps ∂λSn 6= 0 if instead of considering the entanglement between
spatial regions we consider the entanglement between charged degrees of freedom.
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A Conventions for Wick rotating
In the majority of this work we carry out computations in Euclidean signature. More precisely,
the time coordinate in Lorentzian signature is analytically continued to the complex plane
and computations are carried out along the imaginary time axis. In this appendix we denote
quantities along the real time axis with a subscript ‘L’ (Lorentzian) and quantities along the
imaginary time axis with a subscript ‘E’ (Euclidean). In most cases, we work exclusively in
Euclidean signature and the aforementioned subscripts are omitted. In cases where there is
a possible ambiguity we specify explicitly which signature metric we are working with.
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Consider a theory defined on a manifold with Lorentzian signature and time coordinate
tL. We may analytically continue this time coordinate to a complex one τ ,
τ = tL − itE , (A.1)
where tL and tE are real. We define the Euclidean theory as a restriction of the complexified
time theory to imaginary time. We denote such a restriction by
tL → −itE . (A.2)
Given an action in Lorentzian signature
SL =
∫
dtL d
d−1x
√−gL LL , (A.3)
we analytically continue it so that
SL → iSE , (A.4)
where
SE = −
∫
dtE d
d−1x
√
gE LE , (A.5)
and
LE(tE) = −LL(−itE) , (A.6)
arranged so that a canonical kinetic term in LE has opposite sign of that of LL.
Given a Lorentzian signature metric gLµν = ηµν and a boost with rapidity κL, we can
extend the boost to the complexified metric via κ → κL − iκE . The angle κE (denoted by
θ in the main text) will act as a rotation along the complex time coordinate and the sign is
chosen so that κE corresponds to a counterclockwise rotation in appropriate coordinates. For
instance, we find that under boosts, zL = x− t is transformed to z˜L = zLe−κL in Lorentzian
signature while its analytic continuation zE = x + itE is transformed into z˜E = zEe
iκE . To
emphasize this point let us consider the generator of boosts in Lorentzian signature
χµL∂µ = t∂x + x∂t . (A.7)
Analytically continuing to τ = tL − itE and setting tL = 0 we find
χµE∂µ = −i (tE∂x − x∂tE ) . (A.8)
Thus,
κLχ
µ
L∂µ → −κE (tE∂x − x∂tE ) . (A.9)
A Chern-Simons action analytically continued to the imaginary time axis will become
imaginary. Let us define
ǫµ1...µdL =
eµ1...µd√−gL , ǫ
µ1...µd
E =
eµ1...µd√
gE
. (A.10)
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Given (A.5) we find that
ǫµ1...µdL → iǫµ1...µdE . (A.11)
Thus, given
SLCS =
∫
ddxL
√−gL ǫµ1...µdL . . . , (A.12)
we have
SLCS → iSE CS , (A.13)
with
iSE CS =
∫
ddxE(−i√gE) (iǫµ1...µdE ) . . . , (A.14)
resulting in
SE CS = −i
∫
ddxE
√
gE ǫ
µ1...µd
E . . . . (A.15)
The generating function of connected correlators is given by
ZL[gLµν ] =
∫
DφL e
iSL . (A.16)
We can analytically continue this generating function to a Euclidean signature metric by
extending the metric to a complex one and restricting the path integral to contributions from
its Euclidean component:
ZL[gLµν ]→ eϕ
∫
DφE e
−SE = eϕZE [gE µν ] . (A.17)
The relative factor eϕ denotes a possible phase gained by the Euclidean partition function due
to the change of variables from φL to φE. (For instance, the complexified time component of
the gauge field is imaginary along the imaginary time axis). Such a constant phase will not
affect any of our computations and we will set it to zero in what follows. Thus, we find, for
example,
T µνL = −i
2√−gL
δ lnZ
δgLµν
=
2√−gL
δWL
δgLµν
, (A.18)
T µνE = −
2√
gE
δ lnZ
δgE µν
=
2√
gE
δWE
δgE µν
, (A.19)
and hence
WL → iWE . (A.20)
B Anomalous Ward identities and the Chern-Simons term
In this appendix we work out the Ward identities associated with the anomalous non-conservation
law for the stress tensor in the presence of anomalies. We present a formal derivation of these
Ward identities in section B.1 using the anomaly inflow mechanism. In section B.2 we rederive
the Ward identity for gravitational anomalies in three dimensions in an explicit manner and
in section B.3 we connect this result to a holographic computation of entanglement entropy.
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B.1 Ward identities and anomaly inflow
We have argued that in the presence of anomalies the coordinate variation of the generating
function δχW satisfies
δχW = i
∫
M
√
g ∂µχ
ν T µν , (B.1a)
where
∗ T µν = ∂ICS
∂Γνµ
. (B.1b)
We will now follow [10] and derive this result explicitly. As opposed to the majority of this
work, the analysis will be carried out in Lorentzian signature. We then follow the conventions
of appendix A to analytically continue our results to Euclidean signature.
The anomaly inflow mechanism, discussed in [50], posits that while δχW 6= 0 for a theory
with an anomaly, the variation of the covariant generating function,
W ′ =W +
∫
∂−1M
ICS , (B.2)
satisfies δχW
′ = 0. Here ∂−1M is a manifold whose boundary is M which is where W is
defined and ICS is a Chern-Simons form. Put differently, the non-coordinate invariance of W
is equal to the non-coordinate invariance of the Chern-Simons term,
δχW = −δχ
∫
∂−1M
ICS . (B.3)
If Aαβ is a tensor, then the change in Aαβ under small coordinate transformations is
given by its Lie derivative
δχA
αβ = LχAαβ . (B.4)
The Christoffel connection is not a tensor and satsifies
δχΓ
α
β = LχΓαβ + dVαβ , (B.5)
where we have defined
Vα
β = ∂αχ
β , (B.6)
and
Γαβ = Γ
α
βγdx
γ . (B.7)
Thus,
δχICS = δχΓ
a
b
∂ICS
∂Γba
+ δχR
a
b
∂ICS
∂Rba
+ δχA
∂ICS
∂A
+ δχF
∂ICS
∂F
,
= dVa
b∂ICS
∂Γba
+ LχICS ,
(B.8)
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where we have written ICS as a function of the Christoffel connection one-form, the Riemann
tensor two-form Rαβ = R
α
βγδdx
γdxδ and the Abelian gauge field one-form A and its field
strength F = dA. We use roman indices for components in ∂−1M.
In order to evaluate the Lie derivative of the Chern-Simons form we use
ICS = iCSΩ , (B.9)
where Ω is the volume form on ∂−1M. Using LχΩ = Ω∇αχα we have∫
LχICS =
∫
∂α
(√−g iCSχα) dd+1x =
∫
d iχICS , (B.10)
where iχ denotes the interior product. Thus, under the integral we have
δχICS = −Vabd
(
∂ICS
∂Γba
)
+ d
(
Va
b∂ICS
∂Γba
+ iχICS
)
. (B.11)
Since the Chern-Simons term is invariant under coordinate transformations up to boundary
terms, we conclude that ∂ICS
∂Γba
is closed and we are left with
δχICS = d
(
Va
b ∂ICS
∂Γba
+ iχICS
)
. (B.12)
To obtain (B.1) we restrict ourselves to coordinate transformations for which
χ⊥ = 0 , (B.13a)
∂⊥χ
a = 0 , (B.13b)
where ⊥ denotes the coordinate in the bulk of ∂−1M. Having χ⊥ = 0 implies that∫
∂−1M
LχICS = 0 , (B.14)
and that Va
⊥ = 0, while (B.13b) implies that V⊥
a = 0. Inserting these relations into (B.12)
and using (B.3) leads us to
δχW = −
∫
M
√−g ∂µχν T µν , (B.15)
with T µν defined by (B.1b).
So far, we have carried out our analysis in Lorentzian signature. To go to Euclidean
signature we note that each of the terms in
W ′L =WL +
∫
ILCS , (B.16)
is continued to Euclidean signature via
W ′L → iWE , WL → iWE ,
∫
ILCS →
∫
IE CS . (B.17)
– 21 –
(Where the relation for the Chern-Simons form follows from the second equality in (A.12).)
Thus, the Wick rotation
WL +
∫
ILCS → iWE +
∫
IE CS , (B.18)
implies
δχWE = iδχ
∫
IE CS , (B.19)
and leads to (B.1) closing our argument.
The construction which we have used in obtaining (B.1) is a purely theoretical one. The
anomalous quantum field theory on M need not have an extension into ∂−1M. Needless to
say, pion decay into two photons is not considered to be an indication for the existence of extra
dimensions. For this reason, we have chosen to restrict χ according to (B.13)—the theory on
M should not be aware of the precise extension of χ from M into ∂−1M. Indeed, it does
not seem unlikely that one may add to W ′ boundary counterterms involving the extrinsic
curvature of M from which one may derive (B.1) without the use of (B.13).
B.2 Gravitational anomalies in two dimensions
In order to make contact with the works of [23–25, 51, 52] it is useful to consider an explicit
example. Let us place our quantum field theory on an n-fold cover Mn with ∂−1Mn being
an asymptotically AdS space. While our intention is to relate the result of this section with
computations of entanglement entropy in the context of the AdS/CFT correspondence, one
can also consider the asymptotically AdS space ∂−1Mn as a particularly useful extension of
Mn into an extra dimension with no reference to holography.
Following the notation of [23] let us denote the Euclidean metric on ∂−1M1+ǫ by
ds2 = eǫφ(dt2 + (dx1)2) + (g⊥⊥ +Kµx
µ)(dx⊥)2 + eǫφUµdx
µdx⊥ + . . . , (B.20)
where we have expanded the metric around t = x1 = 0, the location of the conical deficit.
Here µ = 0, 1. The function φ serves as a regulator whose derivatives have compact support
near the tip of the cone and satisfies:3
δµν∂µ∂νφ = 4πδ(t, x
1) , (B.21)
which is consistent with
∫
M1+ǫ
R = −4πǫ with n = 1 + ǫ to linear order in ǫ.
Following [23] and the convention in (A.15) let us evaluate the Chern-Simons term∫
ICS = cg
∫ √
g iCS = cg
∫ √
g ǫabc Γdae
(
∂bΓ
e
dc +
2
3
ΓebfΓ
f
cd
)
, (B.22)
on the line element (B.20). In what follows we will often us ǫabc = eabc/
√
g with eabc the
Levi-Civita symbol satisfying etx
1x⊥ = 1. As a warmup exercise let us evaluate the term
3The function φ satisfying (B.21) is given by φ = 2 log ρ where ρ2 ≡ t2 + (x1)2. A choice of the regularized
version of the function is φ = 2 log
√
ρ2 + a2 with a small parameter a [53].
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∫
ICS on the line element (B.20). After taking into account that φ has compact support near
the origin, one finds that the only contribution to terms in
∫
ICS which are linear in ǫ are
given by
∂ǫ
∫
ICS
∣∣
ǫ=0
= −1
4
cg
∫
d2xdx⊥
[
φ eµν∂µUν − ∂µφ δµν ∂ν(eαβ∂αUβ)
]
,
= −1
2
cg
∫
d2xdx⊥φ eµν∂µUν ,
= −2πcg
∫
dx⊥eµν∂µUν .
(B.23)
We would like to see how the result (B.23) changes under a (small) x⊥ dependent rotation
in the t–x1 plane parameterized by
χa =
(
δθ(x⊥)x1 , −δθ(x⊥) t , 0
)
. (B.24)
That is, we would like to compute δχ∂ǫ
∫
ICS
∣∣
ǫ=0
. Note that (B.24) satisfies (B.13a) but not
(B.13b). We will come back to this point later. The coordinate transformation associated
with χa will shift the line element from (B.20) to
ds2θ = ds
2 + δgabdx
adxb , (B.25)
with
δgab = Lχgab . (B.26)
The rotational invariance in the t–x1 plane allows us to write
δgabdx
adxb = (δg⊥⊥ + δKµx
µ)(dx⊥)2 + eǫφδUµdx
µdx⊥ + · · · . (B.27)
where, for example,
δµν δUν = −δθeµνUν + 2δθ′eµνσν + δµν δθ∂κUνeκρσρ + · · · . (B.28)
Since the rotated metric (B.27) has the same structure as the unrotated one (B.20), we
can use (B.23) directly to obtain
δχ∂ǫ
∫
ICS
∣∣
ǫ=0
= −1
4
cg
∫
d2xdx⊥
[
φ eµν∂µδUν − ∂µφ δµν ∂ν(eαβ∂αδUβ)
]
. (B.29)
A short computation yields
eµν∂µδUν = −4 δθ′(x⊥) + · · · , (B.30)
where · · · denotes terms which vanish when localized at the origin. Therefore, the first term
on the right hand side of (B.29) will contribute to δχ
∫
ICS, but the second term will not.
Thus,
δχ∂ǫ
∫
ICS
∣∣
ǫ=0
=− 1
4
cg
∫
d2xdx⊥φ eµν∂µδUν ,
=4πcg δθ(x
⊥ = 0) ,
(B.31)
– 23 –
where in the last equality we have assumed that the entangling region is a semi-infinite line,
i.e., δθ(x⊥ = 0) is single valued. In the case of a finite interval we obtain
δχ∂ǫ
∫
ICS
∣∣
ǫ=0
= 8πcgδθ . (B.32)
The results (B.31) and (B.32) may be modified since (B.24) does not respect (B.13b).
As we discussed, a non-vanishing contribution to δχ∂ǫ
∫
ICS as a result of ∂⊥χ
a 6= 0 is a
remnant of the construction we have been using and may be expected to cancel via boundary
counterterms associated with the extrinsic curvature of Mn, perhaps similar to the terms
computed in [24, 51, 54]. Luckily, we do not have to worry about these terms: an analysis
similar to the one carried out in obtaining (B.23) suggests that
∂ǫ
∫
V⊥
α ∂ICS
∂Γα⊥
= 0 , (B.33)
implying that no new terms are generated from the violation of (B.13b).
Using (B.19) we find that the variation of the Euclidean generating function is given by
δχ∂ǫW1+ǫ
∣∣
ǫ=0
= iδχ∂ǫ
∫
ICS
∣∣
ǫ=0
= 4πi cgδθ , (B.34)
in precise agreement with (2.26) in the limit where n = 1 + ǫ. For a finite interval we would
have obtained
δχ∂ǫW1+ǫ
∣∣
ǫ=0
= 8πi cgδθ . (B.35)
in agreement with our field theory expectations.
B.3 Holography
We may also use (B.32) to compute the change in entanglement entropy of an interval due
to a boost as predicted by holography [27, 30, 53]. Consider a bulk action of the form
Sbulk = Sinvariant + SCS + Sboundary , (B.36)
where Sinvariant denotes the fully gauge and diffeomorphism invariant part of the action,
SCS = −i
∫
ICS is the contribution of the Chern-Simons term to the bulk action and Sboundary
denotes possible boundary terms which may contribute to the on-shell action. Following the
notation of Dong [53], we decompose Sbulk into a contribution coming from the tip of the
regularized conical singularity and a contribution coming from outside the tip
Sbulk = Sinside + Soutside . (B.37)
The prescription of [53] for computing the entanglement entropy can be written in the form
SA = −∂ǫSinside . (B.38)
– 24 –
Using (B.32) we find that (for a finite interval and ignoring possible boundary)
∂θSA = −∂θ∂ǫSinside ,
= −∂θ∂ǫ
(
−i
∫
ICS
)
,
= 8πi cg ,
(B.39)
in agreement with (2.34).
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